2n-dimensional models with topological mass generation 
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The 4-dimensional model with topological mass generation that has recently been presented by 
Dvali, Jac kiw and Pi [G. Dvah, R. Jackiw, and S.-Y. Pi, Phys. Rev. Lett. 96, 081602 (2006), 
hep-th/0610228 is generalized to any even number of dimensions. As in the 4-dimensional model, 
the 2n-dimensional model describes a mass-generation phenomenon due to the presence of the chiral 
anomaly. In addition to this model, new 2n- dimensional models with topological mass generation 
are proposed, in which a Stiickelberg-type mass term plays a crucial role in the mass generation. 
The mass generation of a pseudoscalar field such as the rj' meson is discussed within this framework. 
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I. INTRODUCTION 

Recently, Dvali, Jackiw and Pi have presented a novel 
4-dimensional model [l| consisting of well-known topo- 
logical entities: Chern-Pontryagin density V and Chern- 
Simons current C^^V = 9^C^. This model can describe 
the mass-generation phenomenon in a 4-dimensional non- 
Abelian system without treating details of the underly- 
ing dynamics. Dvali et al. found the model as a partial, 
4-dimensional generalization of the Schwinger model Q 
reformulated in terms of the topological entities in 2 di- 
mensions. The reformulated Schwinger model and the 
4-dimensional model share the common mass-generation 
mechanism described in topological terms. Noting this, 
Dvali et al. stated that the present formulation offers 
a unified topological description of the mass-generation 
phenomena in seemingly unrelated systems. 

In this paper, we first consider a straightforward 2n- 
dimensional generalization of the 4-dimensional model 
and demonstrate that the topological mass generation 
studied by Dvali et al. is present in any even number 
of dimensions. There, as in the 4-dimensional model, 
it is verified that the presence of the chiral anomaly is 
essential for generating mass. Next, we propose a new 
2n-dimensional model with topological mass generation, 
in which a Stiickelberg-type mass term gives rise to mass 
generation in a gauge invariant manner. In addition, we 
consider a hybrid of the 2n-dimensional models men- 
tioned above, in which a mass is caused by both the 
Stiickelberg-type mass term and the presence of the chi- 
ral anomaly. The hybrid model is applied, after a few 
modifications, to the mass generation of a pseudoscalar 
field such as the -q' meson. 

In the process of deriving equations of motion in the 
2n-dimensional models, it is necessary to know the vari- 
ation of the Chern-Simons current in 2n dimensions. 
To find this, we adopt an elegant method developed on 



(2?! + l)-dimensional space. 

This paper is organized as follows. Section 2 intro- 
duces the topological entities in 2n dimensions. Section 
3 presents a straightforward 2rt-dimensional generaliza- 
tion of the model found by Dvali et al. Section 4 proposes 
new 2ri-dimensional models with a Stiickelberg-type mass 
term. Section 5 contains a summary and discussion. The 
appendix is devoted to calculating the variation of the 
Chern-Simons current in 2n dimensions. 



II. TOPOLOGICAL ENTITIES 

Let ^ be a (Hermitian) Yang-Mills connection on 2n- 
dimensional Minkowski space, M^", with local coordi- 
nates {x^^). The connection A is assumed to take val- 
ues in a compact semisimple Lie algebra g, and hence A 
can be expanded as ^ = gA'^ljTadx^ . Here, g is a cou- 
pling constant with mass dimension (2 — n), {To} are 
Hermitian basis of g satisfying the commutation rela- 
tions [ra,Th] = ifab^Tc and the normalization conditions 
Tr(raTh) = 5ab- The curvature 2-form of A is given by 

F = dA-iA^^ ^gF^.T^dx^dx'', (1) 



with 



-ghc^A'^Ai 



(Throughout this 



paper, the symbol A of the wedge product is omitted.) 
Consider the Chern-Pontryagin 2n-form 

P2n = Tri^" 
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X dxf'^dx^'^ •••dx^'^^—Ma;^"", 



(2) 



where ha^...a^ = Tr(rQj •••Tq^). The Bianchi identity 
dF = i{AF — FA) guarantees dP2n = 0. Then, in accor- 
dance with Poincare's lemma, is expressed at least 
locally as 
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dC; 



2n-l , 



(3) 
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with the Chern-Simons (2n — l)-form Q 

C2„-i(A F) = n r dtTi{AFr') , (4) 

^0 

where Ft = tF - i{t^ -t)A^. 

We now introduce the Hodge * operator defined by 

■■■dx^'^) 



(2n-p)! 

The * operator transforms p-forms into their dual (2n — 
p)-forms. For a p-form ap — (p!)^^a^j...^ dx^^ ■ ■ -dx^p 
on M^", it is verified that 

**ap = (-l)P(2»-rt+iap, (6) 

X dx^i • • • (7) 
Using (O, the Hodge * operation of is found to be 

^KI,.---KL-.,..- (8) 

The O-form is referred to as the Chern-Pontryagin 
density. Applying the * operator to ([3|) and using the 
formulas ([6| and ([7|), we have the dual form of ([3]): 



'P2n - d^C^n , 



(9) 



where the are the components of the 1-form C2n = 
— * C2n-i- This 1-form, or simply Cj^, is referred to as 
the Chern-Simons current. The V2n and are topolog- 
ical entities essential for constructing the 2n-dimensional 
models with topological mass generation. 



III. MASS GENERATION DUE TO CHIRAL 
ANOMALY 

Now, we show that the mass-generation mechanism 
studied in Ref.|lj works in any even number of dimensions. 
The Lagrangian that we adopt, C2n, is a 2n-dimensional 
analogue of the Lagrangian for the 4-dimensional model: 

>C2„ = Ivl^ + A\C^2n - - d%^) ■ (10) 

Here, p^"^ and are antisymmetric tensor fields, J^^ is 
an axial vector current, and A is a constant with mass di- 
mension. (An overall dimensionful constant is omitted.) 
Under the (infinitesimal) gauge transformation 



(11) 



the Chern-Pontryagin density V2n remains invariant, 

(12) 



while the Chern-Simons current Cl^^ transforms as 



Here, h(2n is an antisymmetric tensor that is a polynomial 
in (^JJ, -F^j,, ti^") and hnear in w". (For further details, see 
the appendix.) We impose the gauge transformation rule 



(13) 



on p'^" so that the combination — df^^p^'^ can be gauge 
invariant; thereby the gauge invariance of C2n can be se- 
cured. In this sense, p^^^ plays the role of the Stiickelberg 
field. By contrast, q^i, is assumed to be gauge invariant, 
^uQnu = 0, by considering the gauge invariance oij^. As 
a result, C2n remains invariant under the gauge trans- 
formation 5i^. The field p^" is necessary for the gauge 
invariance of C2n j while q^i, is necessary to avoid the in- 
tegrabihty condition 9^ = d^J^. 

As can be seen in the appendix, the variation of the 
Chern-Simons current is given by (see (|A.23I) ) 



(14) 



where 



— — j-(7 n.ai-a„_ia£ 



X P'*! . . . pln-l 



(15) 



and V2^ is an antisymmetric tensor that is a polynomial 
in (A°, F^y, (5A°) and hnear in (5A^. Using pi)), variation 
of the action S2n = / C2ndx with respect to A° is readily 
calculated, yielding the equation of motion 



{-d,V2n + A'iJ^ ~ d''qp,)}WZa 



(16) 



Variation of S2n with respect to p^" and q^i, yields the 
equations 

d^iJ^ -dPqp,)^{fl^l^)^0, (17) 

5'^(C2^„-appn-(M--^) = 0. (18) 

By virtue of ^T7} . the second line of vanishes. Also, 

we can strip away y^2n a i^ (|16p using the identity 

^ZaK. = 2<5^,7'2n. As a result, provided V2n 0, 
PS)) reduces to 

~d^V2n + A\Jli-dPqp^) = 0. (19) 

Taking the divergence of l|19p and considering antisym- 
metry of qpp, we have 



d^V2n - A^a^ J-; = . 



(20) 



Now, we expect that the axial vector current possesses 
an anomalous divergence: 



9'^ = -NV2n , 



(21) 



where A^ is a dimensionless positive constant. Then, ((20|) 
becomes 



d^r2n + NK^V2n = . 



(22) 
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This shows that the pseudoscalar V2n has acquired the 
mass Vn A. It should be stressed that the mass VTVA 
is generated owing to the presence of the chiral anomaly. 
The topological mass generation studied by Dvali et al. 
[l| is thus valid in any even number of dimensions. 



IV. OTHER MODELS 

Until now, we have merely considered a 2n-dimensional 
generalization of the 4-dimensional model given in Ref.lll. 
In this section, we propose new 2n-dimensional models 
with topological mass generation. 



A. A Stiickelberg-type model 

With the topological entities 'P2n and and the an- 
tisymmetric tensor field p^'^, we first propose a model 
governed by the Lagrangian 

^2„ = ^^In - ^rn^iCL - d,pniC2n^. " dPpp,) , (23) 

where m is a constant with mass dimension. Obviously, 
C2n is invariant under the gauge transformation 6^. 
Variation of the action S2n ~ J ^2ndx with respect to 
gives, with the help of (|14p . the equation of motion 

{-d^V2n - m\C2n.^ ~ d''p,^)}WZa 

+ m^d^{C2n,u~dPpp,)-j^=0. (24) 

Variation of iS'2n with respect to p^'^ yields the equation 

<9p(C2„,. ~ dPpp,) - (a* ^ i^) = . (25) 

By virtue of p5|) . the second line of ((24|) vanishes. Also, 
we can strip away a (|24p in the same manner as 
what we used under (jlSp . Consequently, provided V2n 7^ 
0, ^ reduces to 

-5^^2„ - m2(C2„,^ - dPpp^) - . (26) 

Taking the divergence of and noting © and anti- 
symmetry of Ppfj^ , we have 

d''r2n + m^V2n = . (27) 

This shows that the pseudoscalar V2n has the mass m, 
which is immediately caused by the second term on the 
right-hand side of Because this term provides a 

mass in a gauge invariant manner, it can be called the 
Stiickelberg-type mass term of 7^2n- Accordingly, we refer 
to the present model as the Stiickelberg-type model. The 
mass-generation mechanism in this model is obviously 
different from that in the model presented in section 3. 



B. A hybrid model 

Next, we propose a hybrid of the previous two models. 
The Lagrangian that we adopt to define the hybrid is 

+ A'{C^,,,-d^pniJu-d''qp.). (28) 

This certainly inherits characteristics of the Lagrangians 
([TU)) and (^5]) . Variation of the action 5*2™ = / ^2ndx 
with respect to gives the equation of motion 

{-dpV2n - m^{C2n^^. ~ dPppp) 

+ A\j^-d''qpp)}WZa 
+ {m'dp{C2n^,~dPpp,) 

-AX(J'5_a%.)}^ = 0. (29) 

Variation of S2n with respect to p^'^ and g^j, yields the 
equations 

m'dp{C2n,u - 9>p.) - A^dpi J^^ - dPqp,) 
-(/i^i') = 0, (30) 
9^(C2^,-9pp'"')-(M-^^)=0. (31) 

Combining (|5D|) and (PT|) leads to ^T7\ . In the same pro- 
cedure as what was taken to derive (|20|) and (|27|) from 
dH]) and (1211), respectively, we obtain, from (gH) and (PU)) . 

d^V2n + m'V2n - A^ 3^ JI = . (32) 

When the chiral anomaly is presented, (21) holds and 
(32) becomes 

d''V2n + (m2 + NA^)V2n - . (33) 

This demonstrates that the pseudoscalar V2n has the 
mass TO = Vto^ -f NA^. Obviously, the mass m is caused 
by both the Stiickelberg-type mass term and the presence 
of the chiral anomaly. The hybrid model can be reduced 
to either of the previous models depending on choices of 
the mass parameters to and A. 

V. SUMMARY AND DISCUSSION 

The topological mass generation studied by Dvali et 
al. is valid in any even number of dimensions with no 
essential changes. That is, the 2n-dimensional Chern- 
Pontryagin density V2n acquires a mass owing to the 
presence of the chiral anomaly. Here, just as in the 4- 
dimensional model, the presence of the chiral anomaly 
is assumed without specifying its dynamical origin. To 
bring the 2n-dimensional model close to a complete one, 
it will be necessary to investigate the underlying dynam- 
ics that leads to the mass generation due to the chiral 
anomaly. 
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By incorporating the Stiickelberg-type mass term into 
the Lagrangian PH)) . the 2n-dimensional model is ex- 
tended to the hybrid model governed by the Lagrangian 
(PS)) . The hybrid model becomes the Stiickelberg-type 
model in the absence of the chiral anomaly. Now we 
concentrate our discussion on the hybrid model, because 
it involves the other two models. In the case n = 1, 
the hybrid model reduces to the 2-dimensional massive 
Yang-Mills theory with a vector current. 

In the case n > 2, the Lagrangian pS)) consists of 
higher dimensional terms such as V2n- For this reason, 
([28|l cannot be regarded as a fundamental Lagrangian; 
([28|) should be viewed as an effective Lagrangian that 
is derived from a fundamental gauge theory. The hy- 
brid model in the case n > 2 will be applied to a phe- 
nomenological description of mass-generation phenom- 
ena expected in the fundamental theory. In this connec- 
tion, now we propose an application of the hybrid model 
to the mass generation of a pseudoscalar field. 

As in Ref. [H, we consider the axial vector current of 
the form 

- ^A-'d^rjo , (34) 

where rjo is a pseudoscalar field. Adding an 770 kinetic 
term to (j28|) . and removing and a total derivative, 
we have the Lagrangian 

- \/iVAP2„r/o + ■ (35) 

This is gauge invariant and leads to the field equations 

~di.V2n - (C2„.p - d^vpp.) + \/^Aa^7?o = , (36) 

92,^0 + y/NA_V2n = , (37) 

and (31). Because the divergence of p4|) reproduces ((2T|) 
with the help of ([57]) . the chiral anomaly is considered 
in the Lagrangian ([HS)) . Taking the divergence of (15^ 
and using ^ and (157)1 yield ([55)1 . Hence, as before, V2n 
acquires the mass m. Using (j37p . (j33|) can be written in 
terms of 7?o : 

{d^ + rh^)d^rio^Q. (38) 

This equation implies that ryo possesses both the mass- 
less and massive modes. Because the massive mode is 
recognized to be physical, it follows that ryo can behave 
as a pseudoscalar field with the mass m (J] . In this way, 
a mass of the field 770 is generated. 

The Lagrangian (j35p in 4 dimensions, £4, is very sim- 
ilar to what Di Vecchia used for solving the U(l) prob- 
lem in a simple model j5j. The similarity can be seen 
by identifying rh and m with the masses of the singlet 
and nonsinglet pseudoscalar-mesons, respectively. (The 
•q' mass is evaluated by taking into account the mixing 
between the singlet meson 770 and a nonsinglet meson.) 



A remarkable difference between £4 and Di Vecchia's La- 
grangian, £d, is that whereas £d contains the mass term 
M = — ^m^Tyo, £4 does not contain it. Instead of £4 
contains the Stiickelberg-type mass term to provide the 
mass ra. Unlike Ai, the Stiickelberg-type mass term does 
not break the symmetry under a constant shift of r;o. In 
spite of such a difference, the hybrid model should have a 
close connection with the effective Lagrangian approach 
to the U(l) problem 
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APPENDIX: VARIATION OF THE 
CHERN-SIMONS CURRENT 

In this appendix, we calculate the variation of the 
Chern-Simons current O^n- For this purpose, we adopt 
a geometric method developed on the product space 
M^" X R, a direct product of 2n-dimensional Minkowski 
space M^" and 1-dimensional real space R. The exterior 
derivative in M^" x R takes the form 

d d 
d = d + 5y^g^dx'^ + —dy, (A.l) 

where y denotes the coordinate of M. We now consider 
the following Yang-Mills connection defined on M^" x R : 

A = A + ^2 = gAlTadx^" + gu^Tady , (A.2) 

where A is a 1-form that, at y = 0, agrees with the 
connection A that is already present in M^". The com- 
ponents (^°, uj"-) oi A are understood to be functions 
of {x^,y). The curvature 2-form of A is defined in the 
manner same as ([T]): 

F = dA-iA'^. (A.3) 

Substituting (jA.ip and (|A.2p into (|A.3p and noting the 
nilpotency dydy = 0, we have 

F = F + S, (A.4) 

with S = SyA + DQ. Here, DQ is the exterior covariant 
derivative of Q: DQ = dfi — i{An + f2A). Obviously, 
S can be expressed as E — gS^^Tadydx^^ , with being 
functions of {x^,y). Now we write the definition of S as 

SyA = -Dn + S. (A.5) 

This expression can be read as a transformation rule of 
A. In fact, the right-hand side is understood as the sum 
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of the (infinitesimal) gauge transformation with a param- 
eter n and the shift transformation with a parameter S. 
For the sake of convenience, we decompose ()A.5| into the 
sum of the two transformation rules: 



5nA 
5=A 



-DSl, 



(A.6) 
(A.7) 



in such a way that SyA = SqA + 5s A. Accordingly, the 
exterior derivative d is expressed as 



d = d + 5s-2 + Ss. 



(A., 



The transformation rules (jA.6p and (jA.7|) can be written 
in terms of the component fields as 



(A.9) 
(A.IO) 



with Dfj_u>^ = dfj.uj'^' + gfbc°'Af/'uj'^. Here, S,^ and are 
defined by Sn = Si^dy and Ss = S^dy, respectively. 

Replacing {A, F) in formula ([3|) by {A, F), we have an 
analogue of © valid in Af ^ . 



TrF" = dC2n-i 



(A.ll) 



where C2„-i = C2„-i(A, F). The (2n - l)-form €2,1-1 
can be expanded in powers of dy; by virtue of the nilpo- 
tency dydy = 0, the expansion has only a finite number 
of expansion terms: 

C2n-l^C2n-liA+f2,F + S) 

= C72„-i(A, F) + U2n-iiA,F,f2) 

+ V2n-iiA,F,S). (A.12) 

Here, U2n-i is first order in i? and includes no while 
V2n~i is first order in S and includes no f2. Concrete 
forms for C/2n-i and V2n-\ can be found from ^ and 
(|A.12|) . Applying d to (|A.12|) gives 

dC2n-\ — dC2n-\ + dU2n-l + dV2n-l 

+ SnC2n-l+SsC2n-l- (A.13) 



Also, the following expansion is valid with (jA.4P : 

TrF" = TrF" + nTriF'^-^S) . (A.14) 



Substituting (|A.13|) and (|A.14|) into (jA.lip and decom- 
posing the resultant with respect to J7 and we have 



TrF" = dC2n-i , 

SnC2n-l ~ —dU2n~l , 

6sC2n-i = nTr(F"-iH) - dF2„- 



1 • 



(A.15) 
(A.16) 
(A.17) 



Equation (|A.15|) is identical to ([3]), (|A.16p is the ( in- 
finitesimal) gauge transformation of C2n-i, and (jA.17P is 
the shift transformation of C2n-i- In this way, the trans- 
formation rules of C2n-i have together been derived. 
We can write (|A.16P and (|A.17P as 

^ dU2n-2 , (A. 18) 

S^C2n-i = nTr{F"-^0 + dV2n-2 , (A.19) 

with ^ = g^'^Tadx'^. Here, U2n-2 and V2„-2 are (2n — 
2)-forms defined by U2n-i = U2n-2dy an d V2rt- i = 
V2n-2dy, respectively. We hereafter treat (jA.lSp and 
(|A.19|) as transformation rules in M^" by setting y = 0. 
Applying the * operator to (jA.18[l and (jA.lOP and using 
the formulas © and ([7]) lead to the dual forms: 



A^r" — W^" + Ft V'"' 



(A.20) 

(A.21) 



where 



Wit"" 

2n,a 



— — j-(7 ft.ai-a„_ia< 



^1^2 M2re-3P2n- 



(A.22) 



the Z//;^^ are the components of the 2-form ^2^ = — * 
C^2n-2, and the Vj,^ are the components of the 2-form 



''2n,a 



are 



V2„ = - * V2n-2- Obviously, U^n, V2n and W; 
antisymmetric tensors. 

Because are arbitrary functions of x'^, the shift 
transformation (jA.10[) can be identified with the varia- 
tion of A" . Replacing by the variation we express 
(|A.2ip in the form of the variation of C2„ : 



(A.23) 



where here is linear in SA'^^ 



Thus, the variation 
of the Chern-Simons current has been obtained using a 
geometric method. 
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